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Abstract 

A simple climate model sensitive to the accumulated variation in total solar irradiance (TSI) and to CO2 atmospheric 

concentration is developed that when trained with global temperatures anomaly from 1850-1976 shows good skill in 

prediction to the present time. The result provides evidence of the existence of a 76-year lag in the efficacy of the solar 

signal and that the delayed latent heat when released is a significant contributor to the mean global temperature when 

CO2 forcing is low.  This model explains past periods of decorrelation between CO2 concentration and surface 

temperature.  The model also provides evidence that feedback involving this lag may be responsible for the Atlantic 

Multi-decadal Oscillation (AMO).  

Introduction 
Greenhouse gas (GHG) theory predicts a near linear relationship between the observed deviations in global mean 

temperatures (GMT) and the GHG radiant forcing (RF) dominated by the logarithm of the change in CO2 atmospheric 

concentration expressed as a ratio.  Figure 1 is a scattergram comparing the Hadcrut4 temperature record to historical 

CO2 concentrations normalized to 285 ppm and plotted on a log x-scale. 

 
Figure 1a - Hadcrut4 temperature anomaly vs. CO2 concentration (logarithmic x-scale); (b) Same as Figure 1 with Gaussian filtering (r=4) applied to 
temperature data 

At first glance Figure 1a appears to confirm the theoretical log-linear relationship. However applying a light Gaussian 

filter (σ=2) to the temperature data to remove unrelated high frequency variability reveals unexplained regions of 

substantial anti-correlation. Three regions are apparent where temperatures are flat to falling while CO2 concentrations 

are rising substantially. A near step-change in temperature occurred while CO2 remained nearly constant at about 310 

ppm and both the recent 15-year reduction in the trend and so call ‘grand hiatus’ that occurred between 1945 and 1975 

are clearly evident in the flat regions of the regression. This paper investigates the hypothesis that these periods of non-

correlation are caused by the delayed impact of variation in total solar irradiance (TSI) accumulated in the ocean.   

TSI Effect on Global Temperatures 
Research into the sensitivity of the climate to variation in TSI have found a small effect.  [Todo: Add references] These 

studies have looked at the directed effect of variations in solar radiation and have concluded the forcing is too weak to 

be of significance. Examined here is the hypothesis, motivated by the empirical evidence presented in figure 3, that 

small variations in TSI accumulate as latent oceanic heat which is released as sensible heat at some later time. This 

delayed release of energy has had a heretofore unappreciated influence on global temperature. 

Figure 2 show the TSI reconstruct from the latest Sunspot Index and Long-term Solar Observations (SISLO) using 

 𝐹𝑇𝑆𝐼 = 1360.43 + .24 𝐺𝑁
.7  where GN is the SiSLO group number. [1] 



 
Figure 2- (a) TSI reconstruction (Kopp et. al), (b) TSI variation 

Figure 3 shows a significant correlation (ρ=. 86) between accumulated TSI and the Hadcrut4 temperature anomaly 

after removal of the estimated forcing due to CO2. The comparison signal was created by subtracting  3.3 ln (
𝐶02(𝑡)

𝐶𝑂2(0)
) 

from the Hadcrut4 GMT data, where the scaling factor (3.3) was found empirically by regression. In addition to the 

relatively high correlation, note the time-alignment of the lagged solar signal with the ripples in observed temperature 

anomaly, indicating the 76-year lag has been fairly constant over the 166 year instrumental record. 

 
Figure 3- Hadcrut4 GMT with CO2 forcing removed (blue); Smoothed and lagged TSI 

 

The correlation motivates the system model shown schematically in figure 4, sensitive to both CO2 and the oceanic 

accumulation of solar energy that when parameterized will be shown to replicate the Hadcrut4 temperature record to 

within the accuracy of the data. 
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Figure 4- System model 

The triangular blocks represent scaling factors (gain) while the circular blocks represent signal summation. The block 

within the dashed line represents a dissipative accumulation with dissipation factor a mathematically equivalent to an 

exponential smoothing function used in time-series analysis. The 1/s block represents a definite time-integration of its 



input where s is the Laplacian operator.  The time-domain response of this block to an impulsive input is a decaying 

exponential with the rate of decay determined by a. Equivalently, the frequency domain transfer function is a single-

pole low-pass response with adetermining the position of the single transfer function pole. The value of ais restricted 

positive and less than unity for stability. As aapproaches zero, the feedback path is removed and the block becomes a 

pure integration.  

The time lag indicated by the results presented in figure 3 is represented as a pure delay, the td block in figure 4. A 

potential physical interpretation is that this models the thermohaline circulation whereby the effect of accumulated 

latent heat is delayed by the energy transport time.  

The forcing function u(t) is the variation in total solar irradiance (figure 2a) derived by demeaning the TSI reconstruction 

(figure 2b).  The second input function v(t) is the natural logarithm of CO2 concentration, ln (
𝐶02(𝑡)

𝐶𝑂2(0)
) where we assume 

CO2(0) constant at 285 ppm from 1611 to 1732 to time align the two input time series. The transient error due to this 

assumption has negligible effect on the result as the instrument record used for comparison starts in 1850. 

The other model parameters include scaling constants gTSI which converts latent heat to a contributive forcing FTSI, and 

sensitivity l, the conversion from the total change in forcing (F) to the temperature anomaly Ta. This scaling block 

include feedback mechanisms exclusive of CO2 which are fast-acting (on the order of days to a few years) relative to the 

decadal timescale of interest and which affect the efficacy the forcing in that path.  The CO2 scaling factor 5.35 sets the 

forcing power density due to CO2 at the currently accepted value of 3.7 Wm-2.  The output offset Co centers the modeled 

output on the arbitrarily chosen zero point of the Hadcrut4 temperature anomaly.  It has no impact on the residual 

variance which is assumed zero mean. 

Y(t) is the residual error of the model relative to the Hadcrut4 GMT time series and represent all other internal and 

external forcings which contribute  to the global temperature anomaly including the natural variability of the climate 

system.  

Data De-Noising 
Natural variability is a catch-all phrase encompassing variations in the observed temperature record which cannot be 

explained and therefore cannot be modeled. It includes components on many different time scales, some due to the 

complex internal dynamics of the climate system, some to random variations and some to the effects of feedbacks and 

other forcing agents (clouds, aerosols, water vapor etc.) about which there is great uncertainty. 

In developing a system model, it is important to avoid consigning too much of the observed variance to natural 

variation. On the other hand, in order to accurately estimate the system parameters affecting the longer term 

temperature trends it is helpful to remove as much of the short-term noise-like components as practicable, especially 

since these unrelated short-term variations are of the same order of magnitude as the effect we are trying to analyze. 

The removal of these short-term components is referred to as data denoising. Denoising must be carried out with the 

time scale of interest in mind in order to ensure that significant contributors are not discarded.  Many techniques are 

available for this purpose but most assume the underlying process that produced the observed data exhibits stochastic 

stationarity which cannot be assumed for the climate system.  As we show in the next section, the climate system 

exhibits cyclostationary characteristics. 

Autocorrelation 
Ideally, the data de-noising process is stochastically transparent over the time scale of interest. Figure 5a shows the 

autocorrelation function (ACF) of the linearly de-trended, unfiltered Hadcrut4 annual-mean global-temperature record. 

We see that the correlation cycles up and down in a quasi-periodic fashion. This characteristic raises the possibility that 

the underlying process may be cyclostationary. Despite the nomenclature, a cyclostationary process is not stationary, 

even in the weak sense. 



 
Figure 5- (a) Autocorrelation function of linearly detrended Hadcrut4, (b) Power spectral density 

With linear detrending, significant correlation is exhibited at two lags, 70 years and 140 years. However the position of 

the correlation peaks are highly dependent on the chosen order of the detrending polynomial. Power spectral density 

(spectrum) is the discrete Fourier transform of the ACF and is plotted in figure 5b. It shows significant periodicity at 71 

and 169 years but again the extracted period will vary depending on the order of the detrending polynomial (linear, 

parabolic, cubic etc.) and also slightly on the data endpoints selected. In addition the significance of these spectral peaks 

cannot be determined given their period is on the same order as the length of the time series. 

Wavelet De-noising 
 A technique [1] has been developed for denoising data which makes no assumptions regarding the stationarity of the 

time record that combines wavelet analysis with principal component analysis to isolate quasi-periodic components. A 

single parameter (wavelet order) determines the time scale of the retained data. The implementation used here is the 

wden function in Matlab™.  The denoised data using a level-4 wavelet as described in [1] is plotted as the yellow curve in 

figure 6. 

 
Figure 6-Hadcrut4 with wavelet denoising 

Figure 7a compares the autocorrelation of the denoised data (red) to that of the raw data (blue). It is apparent that the 

denoising process has not materially affected the stochastic properties over the decadal time scale of interest. The loss 

of the central points is due to the desired bandwidth limiting inherent in the filtering. The narrowness of the central lobe 

of the residual ACF (Figure 7b) shows that we have not removed any component related to the climate system memory. 



 

Figure 7- (a) ACF of the denoised data (original in blue); (b) ACF of the residual 

The denoised data (figure 6) shows a long-term trend and a quasi-periodic oscillatory component. The smoothness of 

the denoised record allows the examination of the temperature trend over time by means of first differencing of the 

denoised data (figure 8). 

 
Figure 8- Instantaneous slope estimate from the first difference of the denoised Hadcrut4 record 

There are several interesting things of note in figure 8. The oscillatory period is relatively stable while the peak-to-peak 

amplitude is growing slightly. The trend maxed out at .23 ⁰C /decade circa 1994 and has been decreasing since, 

indicative of the observed recent slowdown in the rate of warming. It currently stands at .036 ⁰C /decade. Note also that 

the mean slope is non-zero (.05 ⁰C /decade) and the trend itself trends upward with time.  

Model Parametrization 
Figure 3 demonstrates the potential influence of the lagged solar signal but assumes incorrectly that the non-TSI forcing 

subtracted for comparison is known. In addition, there is interaction between a and td due to the group delay 

introduced by the low-pass effect of the accumulator.  To estimate the actual system parameters, a three-step process is 

employed. First with input v(t) set to zero , a, td and k are found by maximizing the correlation between  Ta(t) and 

𝑑𝑒𝑛(𝑡) −  𝑘 ∙ ln (
𝐶02(𝑡)

𝐶𝑂2(0)
)  where den(k) is the level-2 wavelet denoised data. Removing an estimate of the non-TSI 

forcing in this manner improves the signal-to-noise ratio in the later years where non-TSI forcing dominates. 

The optimized correlation (ρ=.848) finds a = .0122, td = 76 with k= 5.00. The resulting fit, qualitatively comparable to 

figure 3, is shown in figure 9.  



 
Figure 9 - Hadcrut4 GMT with CO2 forcing removed (blue); Solar signal after step one of parameterization 

The second step determines gTSI and lby minimizing the least square error (LSE) of the modeled residual relative to the 

denoised data.  Finally the output offset Co is set to demean the residual. 

Model Validation 
The parameterization procedure described above was first performed on a shortened sequence ending in 1976, then run 

to the present using the same parameters. The results are shown in figure 10.  The post-1976 prediction shaded in 

yellow in figure 10b is with-in the specified data uncertainty (± .1⁰C) of the Hadcrut4 record. 

 

 

Figure 10- Training simulation (left) run to present with same parameters (right) 

The best-fit parameters optimized on the full-length time series are shown in Table 1. The parameter values found in the 

training sequence are given in parentheses showing good parametric stability. 

Dissipation Factor a 0.012  (0.019) 

TSI Scaling Parameter gtsi 0.056  (0.052) 

CO2 Scaling Parameter  5.35 (fixed) 

TSI Lag (years) td 76  (83) 

Sensitivity (K m2/W) l 0.670 (0.672)  

Output Offset (K) C1 -0.69 (-0.65) 

Table 1- Best fit model parameters 

Full sequence results are presented in figures 11 and 12.The peak-to-peak error residual (upper right) remains within the 

specified data uncertainty (± .1⁰C) over the entire 165 year observation interval. As shown in the detailed plots of Figure 

10, the model output aligns closely in time with all of the major breakpoints in the slope of the observational data, and 
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replicates the decadal scaled trends of the record including the recent hiatus and the so-called ‘grand hiatus’ of 1945-

1975. 

 
Figure 11- Modeled results versus observation 

 
Figure 12- Modeled versus Hadcrut4 (detailed) 

Figure 13 shows the results of back-casting the final model to 1800 which is as far back as is feasible with the current 

CO2 time series. 

 
Figure 13- Model back-cast to 1800 



Figure 14(a) plots the modeled results against the Hadcrut4 GMT with Wiener filtering (r=.275) selected to pass the 11-

year solar cycle oscillation. Of particular note in (a) and (c) is the time alignment of the 76-year lagged TSI accumulation 

signal with the solar ripples, especially prior to 1985 before GHG became the dominant driver. 

 
Figure 14-(a) Time alignment of modeled output vs Wiener filtered HC4 (b) Same with unlagged TSI 

In the lower panel the CO2 forcing has been removed from the HC4 data to facilitate comparison with the scaled and 

lagged TSI data (figure 14 c) vs the unlagged TSI data (figure 14d).  

Climate Sensitivity  
Adjustment of the model sensitivity factor λ for LSE residual error assumes the residual is trendless which may not be 

the case. The assumption of a trendless residual is equivalent to aggregating any other forcing agents correlated with 

CO2 (e.g. aerosols) in with the CO2 forcing. Thus this simple model limited to two forcing agents cannot discriminate CO2 

forcing from other non-TSI related forcing and so cannot directly give an estimate of λ2x. It can however shed light on the 

effect of lagged variance in TSI and the magnitude of the climates natural variability which may be helpful in determining 

base periods on observational studies designed to determine climate sensitivity.   

Simulations with v(t) set to zero and l = 1 give as output the power density of the lagged solar signal alone. Likewise 

with u(t) set to zero, the non-TSI forcing is obtained. The relative forcing of each component is shown in figure 13. 

 
Figure 14 - Relative forcing of lagged, accumulated TSI (green) and CO2 



The regression of the temperature anomaly against the non-TSI forcing is shown in figure 15.  Comparing figure 15a to 

figure 1b we conclude the large step-decorrelation near x=1.06 of figure 1b can be attributed to the TSI variance 

removed in the regression below. The flattening evident in figure 1b has also been removed. As is evident from figure 

14, the so called ‘grand hiatus’ era (1945 to 1970) was a time when the CO2 forcing was rising while the TSI forcing was 

falling, resulting in a flattening of the temperature trend.  

 
Figure 15- (a) Regression after removing TSI component, (b) resultant fit 

Atlantic Multi-decadal Oscillation (AMO)  
Figure 16 shows that prior to the beginning of this century, the monthly AMO index (blue) and the model residual were 

highly correlated (ρ=.64).  

 

Figure 16- AMO monthly index (red); model residual (blue) 

Results from removing the AMO signal from the model residual by regression is shown in figure 17. 

 
Figure 17 - Regression with TSI and AMO signal removed. 

Comparing figure 17 with figures 15 and 1b we conclude that the oscillatory decorrelation is due to the AMO. 



Figure 18 shows that in addition to the correlation to the AMO discussed above, the model residual is also highly 

correlated to the second difference of the denoised temperature data.  

 
Figure 18- Scaled, second difference of the denoised Hadcrut4 temperature anomaly (gold) vs. model residual 

This dual correlation infers that perhaps an internal feedback in the climate system sensitive to the second derivative of 

temperature may be responsible for the AMO.  Given the ~60 year period of the AMO, we surmised that the feedback 

path might include the TSI delay td and postulate the system modification shown in figure 19, where the Laplacian s2 

term represents the second derivative operation. The results running the modified system are shown in figure 20. The 

elimination of the AMO signal in the residual error infers this feedback may be responsible for the presence of this signal 

in the temperature record.  The ability to infer an internal dynamic from the empirical model provides further evidence 

of the model’s validity.  
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Figure 19- Model modification inferred from figure 13 

 
Figure 20- Residual error after simulating with the system of figure 14 



In the modeled results of figure 21, the correlation in the ACF functions are truly remarkable as is the p=.987 correlation 

to the de-noised record. However, until a physical mechanism is uncovered to explain this dynamic, this conclusion is 

speculative.  

 

Figure 21-Simulation with model of figure 14 

Simulating a Volcanic Event 
Figure 22 shows the result of simulating with the TSI variance signal u(t) in figure 19 replaced with the forcing function 

shown in the left panels below using the IPCC estimate for the forcing  of the Tambora eruption in 1815. The top panel 

shows that the no feedback case (K=0) does not mimic the observed first difference while a much better fit is achieved 

with feedback in place.  
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Appendix 

Derivation of the “No Feedback” Sensitivity Factor 
Any equation describing an equilibrium regulation can be represented in feedback form. The feedback representation of 

the Stefan-Boltzmann law (SBL) for determining the gray body radiation temperature of a device in equilibrium is shown 

below. 
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Figure 4- Feedback representation of Stefan-Boltzmann Law 

The operational amplifier block G, having infinite gain and bounded output, holds the input at zero potential.  This zero 

error (equilibrium) condition can only be achieved when the feedback power density Fb, equals in the input power 

density F. From inspection with feedback gain H = 𝜖𝜎𝑇𝑒
4, 𝐹𝑏 = 𝜖𝜎𝑇𝑒

4 = 𝐹 which is the SB equation. 

The non-linear transfer function (1) is derived from the well-known Bode feedback formula in the limit as G -> ∞ 

 
𝑇𝑒

𝐹
= lim
𝐺→∞

𝐺

1+𝐺∙𝐻
= lim
𝐺→∞

1
1

𝐺
+𝐻
= 𝐻−1 =

𝑇𝑒
−3

𝜖𝜎
       (1) 

The advantages of this formulation is that it provides a summing node for addition feedbacks/forcings while avoiding the 

difficulties associated with the notion of the so-call zero-feedback sensitivity used by Hansen and others. The small-

signal gain to a perturbation F is the slope of the transfer function given in (1) evaluated at fixed the equilibrium 

temperature Te.   

∆𝑇𝑒

∆𝐹
= 

𝑑𝑇𝑒

𝑑𝐹
≅ 𝜕𝐹𝑇𝑒(𝐹)          (2) 

Equation (2) is the operative forward gain that determines the overall transfer function when additional feedbacks are 

added to figure 4.  The approximation sign in (2) is required because partial differentiation implies superposition which 

in turn requires linearity in the underlying system. For small perturbations about a cubic, the assumption of linearity is 

justified.  

Te(F) can be found from solving the SB equation which yields four roots:  

Te → −
√𝐹
4

√𝜀𝜎
4 }, Te → −

ⅈ√𝐹
4

√𝜀𝜎
4 , Te →

ⅈ√𝐹
4

√𝜀𝜎
4 , Te →

√𝐹
4

√𝜀𝜎
4  

Only the last root is physical since Te, 𝜀 and 𝜎 are all positive. Thus  

 𝑇𝑒(𝐹) = √
𝐹

𝜀𝜎

4
           (3) 

 



The one of the partial derivative terms of (2) requires that Te(F) be held constant while varying F.  A change in F for a 

fixed Te requires a change in emissivity 𝜖 as that is the only non-fixed variable in (3). Thus to calculate (2) the functional 

dependence of 𝜖 on F must be determined.  

For a given incident power density F, the emissivity can be defined as the ratio of the gray-body temperature to the 

black-body temperature raised to the 4th power.  

 Proof: Using (3): 

(

𝑇𝑒(𝐹)⏟  
𝜀=1

𝑇𝑒(𝐹)
)

4

=
𝐹

𝜎
𝐹

𝜀 𝜎

= 𝜀          (4) 

Solving (3) for 𝜀 with Te(F) held constant at Te  yields 

 𝜀(𝐹) =
𝐹

𝑇𝑒
4𝜎

             (5) 

𝜕𝐹𝜀(𝐹) =
𝑇𝑒
−4

𝜎
           (6) 

𝜕𝑇𝑒𝜀(𝑇𝑒) =
4𝐹 𝑇𝑒

−5

𝜎
          (7) 

 

Equations (6) and (7) can be verified by numerically solving (3) with Te, F held constant respectively. 

 

 
Figure A1- Numerical verification of partial derivatives 

Equations 6 can be interpreted as the change in altitude of the equilibrium point to that with the emissivity required to 

achieve balance. 

Using (5) with (3), the small-signal gain is: 

∆𝑇𝑒

∆𝐹
= 

𝑑𝑇𝑒

𝑑𝐹
≅ 𝜕𝐹𝑇𝑒(𝐹) = 𝜀

′(𝐹)𝑇(0,2)(𝐹, 𝜀(𝐹)) + 𝑇(1,1)(𝐹, 𝜀(𝐹)) =
Te5𝜎

4𝐹2
     (8) 

Equation 8 is the sensitivity at the effective emission height with no additional feedbacks in place. Assuming a linear 

lapse rate, it is also the sensitivity at the surface. Taking Te=289.3°K with F= 239.2 yields 
∆𝑇𝑒

∆𝐹
= .343 which corresponds 

to Ƙ in Hansen’s derivation. Removing the lapse rate feedback factor because (7) gives the surface sensitivity yields: 

  𝜆 =  
. 267

1 − 𝑏 267
= .623 



 

Figure 5-tsi lagged 167 years vs residual 
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